Introduction. Recently we have discussed infinitesimal holomorphically projective transformations in Kahlerian spaces and obtained, for instance, the following theorems:
If a Kahlerian space with parallel Ricci tensor admits an analytic infiniiesimal HP-transformation which is not afine, then it is a Kahler-Einstein space.
In a complete Kahler-Einstein space with R<0, if the length of the associated vector of an analytic infinitesimal HP-transformation is bounded, then the transformation is afine.
In connection with these problems, we shall study complete Kahlerian spaces holomorphically projective related and having parallel Ricci tensors. Then we shall prove theorems stated at the end of 1 T.Nagano [1] has recently studied the corresponding problems concerning complete Riemannian spaces which are projectively related and have parallel Ricci tensors.
Preliminaries.
Let M be a Kahlerian space of real dimension n=2m>2 and (g, q) be its structure. Denoting by the Christoffel symbols constructed from the metric tensor g.,, we call a curve xh=x5(T) a holomorphically planar curve or briefly an H-plane curve, if the curve satisfies the differential equations (1.1) dT2ddTdTPraT where oc and 9 are certain functions along the curve. A curve xh=x5(r)
is an H-plane curve if and only if the plane elements determined by two vectors 1) Cf., Tachibana, S. and S. Ishihara [2] . The number in brackets refers to the Bibliography at the end of the paper.
2) As to notations we follow Tachibana, S. and S. Ishihara [2] .Indices h,i,j,r,s,t, -run over 1, n.
dxz/dT and grL(dx/dT) are parallel along the curve. We suppose that there is given in M another Riemannian metric q;i such that the pair (gtg>tL) is a Kahlerian structure and that we have (1.2) I=Itt+pstab+Ptsh where are the Christoff el symbols constructed from, pis a vector field and pt=tTpr. If this is the case, the two Kahlerian metrics are said to be holomorphically projective ralated or briefly HP-related.
It is known that g;i and q are HP-related if and only if they have all H-plane curves in common.
From (1.2) we know that pt is necessarily gradient. Especially if pi=0, then the metrics are said to be affinely related. Now we shall give some formulas which will be useful later. The curvature tensor of g;t is defined by r11-1rkia3=a/OXj. Taking account of this fact, we obtain by means of (1.5) (n-2)(Pjt-PsrjJt)=0, which implies because of n>2 that pi is hybrid, i.e. that it holds.
(1.6) P=PsrsPiT Substituting (1.6) into (1.5) we find
Next it follows that from (1.4) and (1.6) (1.8)
We shall here state the theorems which will be proved in this paper. THEOREM 1. Let g, and be two complete Kahlerian metrics on a complex manifold with real dimension>2 whose Ricci tensors R)1 and R, are parallel. Ifg)I and g are holomorphically projective related, then 1) in the case when the Ricci form R()=RJIjt of gji is negative semidefinite, the two metrics are affinely related and hence their Ricci tensors coincide; or 2) in the case when R(L) is positive semi-definite, so is the Ricci form R()of 9, t also.
Especially for an Einstein space we have THEOREM 2. Let g,1 and be two complete Kahler-Einstein metrics on a complex manifold with real dimension>2. If gjt and qjI are holomorphically projective related, then the scalar curvature R and R satisfys 1) R=O, R=O, or 2) RCO, RIO, or 3) R>O, R>O. In the cases 1) and 2), the two metrics are afnely related.
In a Kahlerian space consider a point transformation f and denote by g;2 the induced Kahlerian metric. If g. and qji are holomorphically projective related, then we shall call f a holomorphically projective transformation. If a point transformation preserves the complex structure, then it is called to be analytic. From these definitions and Theorems we have COROLLARY. Let f be an analytic transformation of a complete Kahlerian space with real dimension>2 whose Ricci tensor is parallel and negative semi-definite. 1f f is holomorphically projective, then it is necessarily afne COROLLARY. In a complete Kahler-Einstein space with real dimension >2 whose scalar curvature R is non-positive, an analytic holomorphically projective transformation is necessarily afne.
2. p-geodesics.Keeping notations and assumptions in 1, if we consider a geodesic g: xh=xh(s), s being an affine parameter, then we have Then by virtue of (2. 1) we obtain =iaxax=i+2(Pr-ax-)fax-ax=a-x+Iiax-a which implies together with (1. 8)
The last equation shows that the function f vanishes identically along the geodesic g, if there exists a zero point of f on g. Consequently we know that there exists a geodesic along which the function f (s) vanishes identically. We call such a geodesic a p-geodesic with respect to qi. We define a p-geodesic with respect to gi in the same way. We have here the following LEMMA 1. A p-geodesic with respect to () is at the same time a p-geodesic with respect to (g,3.
PROOF. We have for a curve x'L=x'L(s)
a-x+j/ax-ax=a-x+Iiax-ax +2Pr-2PrwPsw
by virtue of (1 2). If the curve is a p-geodesic g, s being an affine parameter, then we have (2.2) +IL=2i+2(Pr-ax-)fax-ax=a-x+Iiax-a which shows that g is also a geodesic with respect to This proves the lemma.
Q. E. D. Let s be an affine parameter with respect to, then we have S=jA(u)du, A(u) being given by (2.4). Now we shall prove the following LEMMA 2. If the parameters defined by (2.5) has the form s=as, a being constant, along any p-geodesic, then the two metric and are afinely related.
PROOF. Take a p-geodesic g arbitrarily and assume that the parameter s defined by (2,5) along g has the form s=as with a constant a. By virtue of (2.5), we know that the function A(u) is constant along g. This implies p(dx1/ds)=0. Take an arbitrary point P in the space. Then since the last equation holds for any p-geodesic passing through P, we have piv1=0 at P for any vector vi such that pZvi=0. Hence we can conclude that pi vanishes at P, because we have gZpjpi=0. The point P being arbitrary, pi vanishes identically. Thus the two metrics are affinely related.
Q. E. D.
H-projective parameters.
Keep notaions and assumptions as above We shall next introduce the notion of H-projective parameters along any geodesics and prove that the metrics g,i and have H-projective parameters in common along p-geodesics. This fact will play an important role in the proof of Theorem 1.
Let us consider a geodesic g and we shall define a parameter t as a solution of the equation We call such a parameter t an H-projective parameter along g with respect to g. It is well known that the general solution of (3.1) is given by t=rvad-bc=1=0 (s) being a solution. of (3. 1), where a, b, c and d are constant. We shall prove the following LEMMA 3. Two HP-related Kdhlerian metrics have all H-projective parameters in common along p-geodesics.
PROOF. Consider a p-geodesic xh=xh(s), s being an affine parameter with respect to g;i. If we takes defined by (2.5), an affine parameter with respect tG q;t, then it follows that (3.2) s2IPzaxaxax-I by virtue of (2.4) and (2.5). If we substitute (3. 2) into the well known identity tsi)=ts-l=Lx1(n-2)p1zw 
3) ts=K(g) In the first place we consider the case K(g)=0. In this case the afrine parameter s itself satisfies (4.2), i. e. t=s is a solution of (4.2), and hence a solution of (4.3) by virtue of Lemma 3. Now we shall consider the following tree cases.
i) When K(g)=0, since t=s is a solution of (4.3), we have s=ad-be+0, by virtue of the arguments in 3. Taking account of (4.1), we have s=as.
ii) When K(g)>0, if we put /K(g)/2=X, then t=(1/X)tan Xs is a solution of (4.3). Hence we have tanXs=-1-a,ad-be=1=0, which contradicts to (4.1).
iii) When K(g)C0, if we put-K(g)/2=X, then t=(1/x) tanh as is a solution of (4.3). The same arguments as in ii) lead to a contradiction.
Next we consider the case K(g)<0. In this case if we put, J-K()/2 then t=(1/x) tanh Xs is a solution of (4.2). Let us consider the following two cases. iv) When K(g)<0, since t defined in ii) is a solution of (4.3), we have (4.4) t=Tvad-be=J=0, which contradicts to (4. 1).
v) When K(g)>0, since t defined in iii) is a solution of (4.3), we have (4.4). As we have t=0 at t=0, it holds that b=0. If we consider the limiting cases s-oo, then we know that a=d and c=0, from which we get t=t. Hence we have (1/x) tanh Xs=(1/x) tanh Xs. Again taking account of that s -po, we have X=X and hence s=s. In the same way we have a contradiction in the following cases: K(g)<00, K(g)=0(g)>0,K(g)=0K(9)>0K(g)<0.
From the above arguments we know that for a p-geodesic g there are only three possible cases: 1) K(g)=K(g)=0s=as,
2) K(g)<0,K(g)<0s=s,
3) K()>0,K()>0.
Therefore taking account of Lemma 2 and semi-definiteness of R(), we can prove Theorem 1.
BIBLIOGRAPHY
[1] NAGANO,T., The projective transformation on a space with parallel Ricci tensor, Kodai Math. Semi. Rep., 11 (1959) 
